Abstract. We present an entanglement generation scheme which allows arbitrary graph states to be efficiently created in a linear quantum register via an auxiliary entangling bus (EB). The dynamical evolution of the EB is described by an effective non-interacting fermionic system undergoing mirror-inversion in which qubits, encoded as local fermionic modes, become entangled purely by Fermi statistics. We discuss a possible implementation using two species of neutral atoms stored in an optical lattice and find that the scheme is realistic in its requirements even in the presence of noise.
Introduction
Bipartite entanglement has long been recognized as a useful physical resource for tasks such as quantum cryptography and quantum teleportation. Similarly, multipartite entanglement is an essential ingredient for more complex quantum information processing (QIP) tasks, and interest in this resource has grown since its controlled generation was demonstrated in several physical systems [1] - [5] . An important class of multipartite entangled states are graph states. By using vertices in a graph to represent qubits, and edges to represent an Ising-type interaction that has taken place between two qubits, the graph formalism gives an intuitive characterization of entanglement by the presence of edges [6] . As a result, a graph represents a preparation procedure for a state. Additionally, graph theory allows some properties of these states, such as the effects of local Pauli operations and the persistence of entanglement after local Pauli measurements, to be computed exactly, and others, such as the Schmidt measure, which is computationally intractable for general states, to be bounded from above and below [6, 7] . The class of graph states includes many well-studied states such as GHZ states, and special instances of graph states are the resources used in quantum error correcting codes [8, 9] and in one-way quantum computing [10, 11] .
Initial proposals for the generation of graph states in physical systems have focused on qubit lattices of fixed geometry, where each qubit interacts only with its nearest-neighbours [6, 7, 11] . Such a scheme has been experimentally implemented in a three-dimensional (3D) optical lattice of neutral atoms via controlled collisions [1] along one axis of the lattice. The graph states generated with this method follow the geometry of the lattice, and so for collisions along one axis an array of 1D cluster states, similar to figure 1(a), was obtained. Extending this process to all axes of 2D and 3D square lattices, generates cluster states of the form shown in figures 1(b) and (c) respectively. These both constitute, together with single-qubit measurements, a universal resource for quantum computation [10] . Despite the 1D cluster states of the type shown in figure 1(a) not being a universal resource, they are still a useful resource for specific computational Repeating this procedure with different qubits allows any 3-qubit graph state to be generated in R.
tasks, as emphasized by the recent use of the four-qubit 1D cluster state to implement the twoqubit Grover search algorithm with photons [3] . More generally, wider classes of graph states also represent specific resources for certain QIP tasks, and this builds upon the notion that entanglement is an algorithmic resource [11] . The direct generation of arbitrary graphs, where the set of edges does not translate into a regular arrangement of the underlying qubits, e.g. the quantum Fourier transform graph state [6] , requires the ability to pre-engineer a complicated geometry of the qubit interactions. A simple scheme in which any graph state can be created in a set of qubits with a regular fixed geometry is therefore highly desirable. Some progress has been made towards this with non-deterministic linear optical protocols, where proposals have been made for graph state generation in photon [12] and solid-state qubits [13] . In this paper, we propose a deterministic scheme for efficiently generating arbitrary graph states within a linear quantum register. We consider a general setup in which there is an auxiliary system, denoted as an entangling bus (EB), running parallel and along the length of the register. All entanglement within the register is generated via the EB by performing local swaps between subsets of register qubits and the EB and allowing the EB to evolve for a fixed time. More specifically, the EB is an 'always on' 1D system whose dynamical evolution over a fixed time generates a specific entangling operation C composed of controlled-σ z (c-σ z ) gates between all pairs of the transferred qubits in one step. After local swaps back to the register, this operation can generate GHZ-type graph states [6] within this subset of register qubits. Repeated use of this entangling operation then allows arbitrary graph states to be generated in the register, as depicted for the simplest case with two qubits in figure 2. This setup is motivated by the following three results.
Our first result is a construction of the EB using a system which maps onto a 1D noninteracting fermionic lattice. Within this mapping, qubits from the register become encoded as local fermionic modes (LFMs) [14] . We begin in section 2 by showing that, for an engineered lattice with a specific spatially varying hopping profile, the dynamical evolution over some fixed time results in the complete mirror-inversion of the LFMs. This inversion is then shown to generate robust phases within the fermionic state purely as a consequence of Fermi statistics which are equivalent to entanglement between the LFM qubits resulting from an effective entangling operation C.
Our second result described in section 3 is then a scheme which utilizes the availability of the entangling operation C through the EB to efficiently generate arbitrary graph states within the register. Specifically, we show that any graph state of n vertices can be generated in at most O(2n) EB steps representing an improvement over the O(n 2 ) steps required in a network model composed of two-qubit gates.
In section 4 we present our third result which is a proposal for the implementation of this scheme in an optical lattice of neutral atoms. We begin by examining how an effective XY spin chain can be engineered within an optical lattice. Two adjacent spin chains then form the basis of the register and EB. We investigate how imperfections in the mapping of the optical lattice to an XY spin chain alter the fidelity of the EB dynamics. Finally, we briefly note some other viable alternatives for implementing this scheme, and conclusions are given in section 5.
Non-interacting fermionic system

Mirror inversion on a lattice
The construction of the fermionic EB relies on the fermionic system being mapped from another underlying system. The specific example we considered is an XY spin chain composed of N spins which is described by the Hamiltonian 
where λ xy n are the spatially varying XY couplings and λ z n is the contribution of an external field taken to be uniform as λ z n = B/2. It is well known that the Jordan Wigner transformation (JWT) [15] maps the XY spin chain to a non-interacting fermionic Hamiltonian
where j n = 2λ xy n , u n = B and c n is a fermionic destruction operator for the nth site obeying the usual anticommutation relations. We are particularly interested in the angular momentum hopping profile [16] given by j n = (J/2) √ n(N − n), with J a constant. We choose to write this as j n = Wα n with α n = 2
In this way, the spatial dependence of the hopping j n is contained entirely in the profile α n obeying 0 < α n 1, and the overall scaling is given by the constant W such that max(j n ) W . With this hopping profile, the projection of H f onto the single fermion subspace of the lattice, H 1 , results in a Hamiltonian equivalent to H 1 = −JS x + B1, where S x is the x-angular momentum operator for an 'effective' spin-S particle, with S = (N − 1)/2. The single-fermion states {|n = c † n |vac } then correspond to the z-angular momentum eigenstates {|S, l z } of the spin-S particle, with |1 = |S, −S z ,. . ., |N = |S, S z . The dynamical evolution generated in H 1 , when H 1 is applied for a fixed time τ = π/J , result in the unitary time-evolution operator U 1 (τ) = exp (iφ B ) exp (iπS x ) composed of an overall phase φ B = −Bπ/J for H 1 and a rotation of the spin-S particle about the x-axis by π. This leads directly to perfect state transfer over the lattice [16] .
The action of U 1 (τ) on the single-particle basis follows from its equivalence to the z-angular momentum states where exp (iπS x ) |S, l z = exp (iπS) |S, −l z . Thus we find that U 1 (τ) |n = exp (iφ 1 ) |n , with the phase φ 1 = πS + φ B and mirror-conjugate location n = N − n + 1. The choice B = SJ then ensures that the single-particle phase φ 1 vanishes. The evolution of the fermionic modes c † n can then immediately be seen to satisfy
, with respect to the full Hamiltonian H f , and the dynamical evolution of the system describes the complete mirror-inversion of the LFMs. Typically, implementations of this effective fermionic system will have a maximum obtainable value for the overall scaling W of the hopping which prevents J from being arbitrarily increased, and so once it is maximized we must pay a linear cost in the inversion time τ with the increasing size of the system N.
Entanglement of fermionic modes
Under the JWT, the N qubit (or spin) states |q 1 , . . . , q N , with q n ∈ {0, 1}, of the chain are mapped onto Fock states of the LFMs as
q N |vac (where operators are ordered according to the lattice), which describe the occupancy of the system by quasi-fermions. The use of fermionic mode occupancy as a basis for quantum computation has been proposed before [14] . An immediate difficulty with a direct implementation of this approach using massive and/or charged fermions is the constraint caused by superselection rules, which prohibits the superposition of states with different mass/charge eigenvalues [17, 18] . Such superpositions are essential for encoding qubits as LFMs. In [14] the accessibility of the Fock space is widened by including an interaction with a superconducting reservoir that relaxes particle number conservation to modulo 2 via the exchange of Cooper pairs. Also, in contrast to bosons, the Fock space of fermions does not have a natural tensor product structure permitting independent operations on each mode [19] . This intrinsically non-local behaviour of fermions adds a significant degree of complexity to quantum computing with LFM qubits in [14] . Here, in contrast, we have focused on a physical system which maps onto a non-interacting fermionic system. As a result, the quasi-Fock space is fully accessible, thus enabling superpositions of states with different numbers of quasi-fermions, which are essential for encoding qubits.
For systems of identical fermions, a bilinear fermionic Hamiltonian such as H f suffices to generate mode entanglement, despite describing a non-interacting system [20] . This is a natural consequence of the non-local character of fermions. The entanglement generated by mirror-inversion then follows straightforwardly from Fermi statistics through its action on Fock states as
where Q is the number of anticommutations of the operators c † n required to reestablish a Fock state. Specifically, Q = Q(Q − 1)/2, where Q is the number of fermions, i.e. (3) is written in terms of Fock states, the inverse-JWT removes the implicit antisymmetry when mapping back to qubits, while leaving the phases acquired between fermion-number (or total magnetization) subspaces untouched. Thus the evolution of the EB after a fixed time τ is equivalent to a quantum circuit C(N ) composed of c-σ z gates between all distinct pairs of N qubits followed by the inversion operator R, as shown in figure 3(a) for N = 5. Usefully, if any N −ubits of the system are in the state |0 , then this circuit reduces to C(q) between the remainingubits, independent of their locations, followed by the full inversion R of all qubits.
Generalizations
In passing we note that the above results apply to more general settings. Suppose we partition the fermionic lattice into M equal blocks, each labelled by their central site k, and composed of sites m(k). Within each block k, we consider an extended fermionic mode
defined by a single-particle state φ k n contained entirely within the block k and symmetrical about its centre. The dynamics of the EB over some fixed time will be equivalent to C(M )R, as long as j n and u n are chosen such that the dynamics of H f performs mirror-inversion with respect to the modes f † k [21, 22] . We can equally consider partitioning a 1D continuous fermionic system, described by field operatorsψ † (x), and defining extended LFMs analogously
In this case, harmonic trapping V(x) = mω 2 x 2 /2 and Gaussian wavefunctions φ k (x) centred on a block are sufficient for mirror-inversion over a time τ = π/ω. Such an arrangement could potentially be implemented using effective bosonic Fock states of arrays of atomic quantum dots [23] , following conceptually similar lines to the 1D cold-collision proposal in [24] , but with the difference that the Tonks-Girardeau limit [25] of the bosons is exploited to yield robust phases from an effective non-interacting fermionic system.
Entanglement generation scheme
To generate arbitrary graph states within a linear register of N storage qubits, we utilize the entangling operation C implemented by the EB repeatedly. As with other such schemes, each qubit in the register is assumed to be individually manipulable and measurable. This includes the ability for each qubit to be selected to undergo a transfer process which maps its state into an LFM-encoded qubit in the EB, via σ + n → c † n , where σ + n is the Pauli ladder operator on the register. Since the register is a distinct commuting physical system to the EB the transfer process allows certain sets of qubits to be temporarily endowed with fermionic character and subsequently become entangled as a result of the mirror-inversion of the fermionic modes.
The register and the EB are taken to be initialized in the states N i |0 i and |vac respectively. The scheme begins by choosing a set of register qubits to be the graph vertices, and applying a Hadamard transformation to each of them: |0 → |+ = (|0 + |1 )/ √ 2, as in figure 2(a) for qubits 1-3. A subset of m of these qubits is then transferred to the EB and allowed to evolve for a time τ, as shown (for m = 2) in figure 2(b) and (c) for qubits 1 and 2. The qubits encoded by LFMs at the corresponding mirror-inverted locations¯ of the EB are then transferred back to the register, yielding a fully connected graph state |G m between these m vertices, as in figure 2(d). Such a state is locally equivalent to an m-qubit GHZ state, as depicted in figure 3(b) for m = 5. Overlap between EB and register graph qubits after inversion can be avoided by choosing | | = N/2 with locations in the first half of the register.
This setup can generate any graph state of n vertices in at most O(n 2 ) steps by utilizing only the two-qubit interaction of the EB to establish each edge individually, mimicking a network model of two-qubit gates. However, by exploiting the multiqubit circuit C implemented by the EB dynamics over the same time τ, as in figure 3(a) , our scheme can improve this upper bound. Specifically, we proceed iteratively, starting with g = 1, by (1) transferring the gth graph qubit, and all graph qubits g c > g which will connect to g, into the EB; (2) allowing them to evolve for a time τ creating a complete set of connections between these vertices, cf figure 3(b); (3) then transferring qubit g back to the register while leaving the qubits g c to evolve for one cycle longer in the EB, subsequently removing all the connections between them; (4) finally transferring the qubits g c back to the register and repeating step (i) with g → g + 1.
Thus, any graph of g = n vertices can be generated in at most O(2n) uses of the EB.
Implementations
Optical lattice realization
The physical basis for the implementation of this scheme which we focus on is an optical lattice of ultracold bosonic atoms [26] . In an optical lattice, neutral atoms are trapped due to the optical dipole force in the intensity maxima (or minima) of a far-off resonance standing wave lightfield formed from counter-propagating lasers. We consider atoms possessing two long-lived internal (hyperfine) states |a and |b which are trapped by two such optical lattices of different polarizations. For sufficiently low temperatures and deep lattices, the atoms become restricted to the lowest Bloch band and their dynamical evolution over a system of N sites is described by a two-species Bose-Hubbard model (BHM) given by [27] 
where a n (b n ) is the bosonic destruction operator for an a(b)-atom in the nth site, and
is the contribution of an external field which we assume to be uniform over the system. The parameters t a(b) and U a(b) , U ab are the laser-intensity-dependent hopping matrix elements and on-site interactions for atoms in states |a (|b ) respectively. These parameters will in general have a spatial profile across the lattice. The dynamic controllability and long decoherence times of this system have made it of considerable interest for QIP [28, 29] and for realizing spin models [27, 30] .
As outlined in section 3, the scheme requires an initial state with one atom per site (each in a state |a ) and single site addressability for manipulations. While the preparation of a high-fidelity initial state could be achieved using the techniques described in [31, 32] , single-site addressability remains a challenging technical limitation in optical lattices. However, there are theoretical proposals which offer the potential to overcome this by using ideas such as marker atoms to localize global operations [33] , as well as increasing technical improvements in experiments. Hence it does not seem unrealistic to assume that single-site addressability will become possible in the near future.
Initially, we take the lattice as being sufficiently deep to prohibit hopping in all directions. A chain of sites from the commensurately filled lattice is then selected to be the register of noninteracting qubits, and an adjacent chain becomes the EB. Addressability is exploited to engineer a spatially dependent intensity profile along the EB chain which activates hopping exclusively along this chain. The transfer process between the register and EB is accomplished by again using addressability to localize Raman-induced hopping [26] between two adjacent register and EB sites and so implement a swap gate, as described in detail in [28] , on a timescale sufficiently faster than τ.
For the non-zero hopping within the EB chain, we focus on the two-species BHM in the limit of large interactions, U a , U b , U ab t a , t b , which energetically prohibit the multiple occupancy of any site. The hopping can be then treated perturbatively and to lowest order, for an initial Mott insulating state with commensurate filling of one atom per lattice site, the effective Hamiltonian is found to be [27] 
Hence we obtain the anisotropic Heisenberg spin model in the optical lattice, with the correspondence |a ≡ |↑ and |b ≡ |↓ at each site. The corresponding Pauli operators are then σ 
The construction of the EB requires the optical lattice parameters to be engineered such that U a n = U The spatial dependence of the two-species BHM model parameters arises due to some appropriately configured laser-intensity profile along the system. Since the on-site interactions have a weak dependence on the laser intensity, in contrast to hopping matrix elements which have an exponential dependence [26] , only hopping is assumed to be spatially dependent over the system. Specifically, we take t a n = t b n = T √ α n , where the spatial dependence is again contained in the profile α n , and the overall scaling is given by a constant T such that max(t
The interaction energies are constant over the system and defined as U a = U b = 2U ab = U. To first order in T/U, the dynamics of the optical lattice reduces to an XY spin chain with couplings λ xy n = (2T 2 /U)α n . The profile α n must then have the spatial dependence introduced earlier in section 2 enabling the effective non-interacting fermionic lattice resulting from this XY spin chain to undergo mirror-inversion. This dynamical evolution will proceed exactly in the ideal limit where U/T 1. The graph states generated with this implementation could then be used for one-way quantum computation if single site imaging was available, or alternatively the multiqubit entanglement could be diagnosed with the procedure described in [34] .
Optical lattice imperfections
We consider some dominant sources of imperfections within the optical lattice implementation of the EB. In particular, we investigate the fidelity of the two-species BHM to spin-chain mapping introduced earlier, for finite U/T . For a system of size N = 6 initialized in a product state |+ ⊗ |0 ⊗4 ⊗ |+ , we compute the exact time-evolution of the two-species BHM, using the timeevolving block decimation (TEBD) algorithm [35, 36] , for varying U/T over the appropriate inversion time τ. Using the effective two-spin density matrix for the end sites, the fidelity F was computed with the state |G 2 obtained from a perfectly implemented XY chain. The simulation results in figure 4(a) demonstrate that, as expected, the fidelity increases with U/T . Given that τ = UNπ/16T 2 , the increasing fidelity, induced by deepening the lattice, comes at the cost of longer inversion times. However, figure 4(b) shows that F > 0.99 even at a moderate ratio of U/T = 26, and we found this curve to be largely independent of N for N ∼ O(10) tested. At this depth, a λ = 514 nm optical lattice of 23 Na atoms has τ = 9.3 ms, while a λ = 826 nm optical lattice of 87 Rb atoms has τ = 79 ms. These are fast enough for multiple EB inversions to occur within the decoherence time of the system, which is typically of the order of a second [37, 38] .
We also investigate the effect of jitter in the lattice laser intensities. , U ab matrix elements of the two-species BHM [26] . We assume a simplified version of this noise in which the intensity fluctuations alter, according to these nonlinear relations, the hopping and interaction scalings T and U contained within the overall scaling W = 4T 2 /U of j n , but not the spatial profile α n . Despite this restriction, this noise causes fluctuations in the inversion time τ during the dynamical evolution, and also breaks the symmetry required to ensure that no σ z n σ z n+1 or spatially varying σ z n contributions occur. In figure 4 (a) the fidelity curves are plotted for = 1 and 5% of I 0 . For = 5% the fidelity is seen to drop-off in deeper lattices due to the cumulative effect of noise over longer inversion times. Crucially, the fidelity curve suffers only a minimal reduction due to = 1% noise, as in figure  4 (b), and this represents a realistic value for the experimental stabilization of the laser intensity.
Alternative implementations
Finally, we note that the scheme described in section 3 could be implemented in any physical system where the entangling operation C is available. Specifically the architecture composed of a register and EB considered here could in principle be implemented wherever two adjacent engineered spin chains are realizable. This requirement is particularly well suited to solid-state systems such as arrays of quantum dots with one electron per dot in an external magnetic field [39, 40] . Here the qubit is encoded in the spin degree of freedom of the electron and the dynamical evolution is described by a standard Heisenberg Hamiltonian. The presence of σ z n σ z n+1 terms in this Hamiltonian can be compensated by an appropriate spatially varying external magnetic field [16] , while the angular momentum coupling profile can then be produced by controlling the external voltage applied to the gates defining the tunnelling barriers between the dots. However, such an implementation is currently limited by the small number of solid-state qubits realizable.
Another possibility is trapped ions [41] . A scheme for generating GHZ-type states over a chain of many ions has been proposed [42] and experimentally realized for four qubits [4] . Although implemented by different means, the entangling procedure in [42] is locally equivalent to the entangling operation C when it is applied globally to the entire register. Permitting single-ion addressability, which has also been experimentally demonstrated [43] , allows universal two-qubit quantum gates to be implemented by the same method [44] , and additionally, by addressing many ions, C can be applied to any subset of qubits. Thus the entangling operation constructed above for optical lattices via the EB is also realizable in ion-trap systems via the collective vibrational degrees of freedom of the ions.
Conclusions
We have shown how arbitrary graph states can be generated efficiently by using an EB whose dynamical evolution corresponds to a non-interacting fermionic system undergoing mirrorinversion. By utilizing an EB which is fixed and always on the dynamical control required for QIP, tasks can be reduced to single-qubit operations. Here an implementation of this scheme using an optical lattice of neutral atoms was considered in detail. The fidelity of the optical lattice proposal was examined not only for the depth ratio U/T , but also in the presence of noise, and found to be both realistic and robust. We have also briefly noted the suitability of the scheme to other physical systems.
